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In this note, we make a correction of the imaginary transformation
formula of Chan and Liu’s circular formula of theta functions. We
also get the imaginary transformation formulaes for a type of
generalized cubic theta functions.
© 2012 Published by Elsevier Inc.
1. Introduction
Throughout we put q = e2π iτ , where Imτ > 0. As usual, the Jacobi theta functions θk(z|τ ) for
k ∈ {1,2,3,4} are deﬁned as:
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Circular summation of theta functions has been an interesting topic. In their paper [4], S.H. Chan
and Z.-G. Liu proved the following remarkable circular summation formula of theta functions [4, The-
orem 4].
























1+···+r2n )e2i(r1 y1+···+rn yn). (1.2)
This theorem generalizes the fundamental result in Zeng’s [8]. Zeng [8] is motivated by Ramanu-
jan’s circular summation formula [6, p. 54] (see also [3]) and Boon et al. [2, Eq. (7)]. For detailed
account of the topic of the circular summation of theta functions, we refer the readers to [3] and [4].
Applying the Jacobi imaginary transformation to (1.1), S.H. Chan and Z.-G. Liu got the dual form of
Theorem 1.1, i.e. [4, Theorem 5].










mz + (y j + km)πτ
∣∣m2nτ )= Fm,n(y1, y2, . . . , yn|τ )θ3(z|τ ), (1.3)
where




















There is also another formula [4, Eq. (1.10)] for Fm,n(y1, y2, . . . , yn|τ ) in [4, Theorem 5] without
proof. Substituting [4, Eq. (1.10)] back into (1.3) (i.e. [4, Eq. (1.8)]), and then, taking m = 2 and n = 1,
we obtain
θ3(2z|4τ ) + θ2(2z|4τ ) = (1+ q)θ3(z|τ ). (1.4)


















= θ3(2z|4τ ) + θ2(2z|4τ ).
Thus (1.4) does not hold unless q = 0, so we can conclude that the formula [4, Eq. (1.10)] is incorrect.
In Section 2, we will make a correction of the formula [4, Eq. (1.10)] with proof.
In Section 3, we will use Theorem 2.1 to deduce the imaginary transformation formulaes of a type
of generalized cubic theta functions.
2. Correction of the formula [4, Eq. (1.10)]
We rewrite Theorem 1.2 plus the formula for Fm,n(y1, y2, . . . , yn|τ ) [4, Theorem 5] in the following
version, where (2.3) is the correction of [4, Eq. (1.10)].










mz + y j + kmπτ
∣∣m2nτ )= Fm,n(y1, y2, . . . , yn|τ )θ3(z|τ ), (2.1)
where


































2n(r21+r22+···+r2n )e−2i(r1 y1+r2 y2+···+rn yn). (2.3)
Proof. For the proof of (2.1) and (2.2), see [4]. Obviously, (2.1) can also be proved directly by the
theory of Elliptic functions like the proof of [4, Theorem 4]. We only prove (2.3) in detail. Applying



























2 [(km+l)2+m2n(r21+r22+···+r2n )]+(km+l)m(r1+···+rn)l=0 k=0 1 n


















· e2i(r1 y1+r2 y2+···+rn yn)e2imz(r1+r2+···+rn+k)+2iz









· e2i(r1 y1+r2 y2+···+rn yn)e2imz (r1+r2+···+rn+k)+2iz(m−1).
Note that, in the last identity above, the term independent of z is produced only from the ﬁrst sum.
The right-hand side of (2.1) equals






Then equating the terms that are independent of z on both sides of (2.1), we ﬁnd that






















2n(r21+r22+···+r2n )e−2i(r1 y1+r2 y2+···+rn yn).
This completes the proof. 
3. The imaginary transformation formulaes for a type of generalized cubic theta functions
We rewrite (2.2) and (2.3) as the following corollary.
Corollary 3.1. For n complex numbers y1, y2, . . . , yn such that y1 + y2 + · · · + yn = 0 and the function





























2n(r21+r22+···+r2n )e−2i(r1 y1+r2 y2+···+rn yn). (3.1)



















































In the square brackets of the last identity above, replace r1 and r2 in the ﬁrst and second sums by




































Deﬁnition 3.2. The cubic theta functions are deﬁned as













2+n2+mn+m+n+ 13 e2im(2x+y)+2in(x+2y), (3.5)
where ω := e 2iπ3 .
J.-M. Zhu / Journal of Number Theory 132 (2012) 1164–1169 1169We have followed Chan and Liu [4, Deﬁnition 1] in the deﬁnition of a(x, y|τ ) above. For more
discussions on cubic theta functions of three variables, see [1,5,7]
Direct computation can verify that
b(x, y|τ ) = a
(













By (1.2) and (3.3), we obtain
G1,3(y1, y2,−y1 − y2|τ ) = a(y1, y2|τ ).
Then from (3.2) and the discussion above, we get the following identities.


























πτ − 2i(x+y)τ [a(x, y|τ ) + ωe2i(x+y)c(x, y|τ ) + ω2e−2i(x+y)c(−x,−y|τ )].
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